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Abstract

Eringen and Mindlin’s original micromorphic continuum model is presented and
extended towards finite elastic-plastic deformations. The framework is general-
ized to any additional kinematic degrees of freedom related to plasticity and/or
damage mechanisms. It provides a systematic method to develop size–dependent
plasticity and damage models, closely related to phase field approaches, that can
be applied to hardening and/or softening material behavior. The regularization
power of the method is illustrated in the case of damage in single crystals.
Special attention is given to the various possible finite deformation formulations
enhancing existing frameworks for finite elastoplasticity and damage.

Keywords
Gradient plasticity · Gradient damage · Micromorphic media ·
Regularization · Finite deformations · Generalized continua · Microstrain ·
Microstretch · Strain localization · Elasto-plasticity · Cleavage

Introduction

Micromorphic media are examples of three-dimensional generalized continua
including additional degrees of freedom complementing the usual displacement
vector. A classification of generalised mechanical continuum theories is proposed
in Fig. 1 in order to locate more precisely the class of micromorphic media. The
present chapter is limited to continuum media fulfilling the principle of local action,
meaning that the mechanical state at a material point X depends on variables
defined at this point only (Truesdell and Toupin 1960; Truesdell and Noll 1965).
The classical Cauchy continuum is called simple material because its response at
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Fig. 1 A classification of the mechanics of generalised continua.
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material point X to deformations homogeneous in a neighborhood of X determines
uniquely its response to every deformation at X . In higher grade materials,
homogeneous deformations are not sufficient to characterise the material behaviour
because they are sensitive to higher gradients of the displacement field. Mindlin
formulated for instance the theories that include the second and third gradients of the
displacement field (Mindlin 1965). The gradient effect may be limited to the plastic
part of deformation which leads to strain gradient plasticity models (Aifantis 1984;
Forest and Bertram 2011) or, more generally, theories that include the gradient of
some internal variables (Maugin 1990). Higher order materials are characterised by
additional degrees of freedom of the material points (Eringen 1999). Directors can
be attached to each material point that evolve in a different way from the material
lines. Cosserat directors can rotate. In the micromorphic continuum designed by
Eringen and Suhubi (1964) and Mindlin (1964), the directors can also be distorted,
so that a second order tensor is attributed to each material point. Tensors of higher
order can even be introduced as proposed in Germain’s general micromorphic
theory (Germain 1973b; Forest and Sab 2017).

Higher order media are sometimes called continua with microstructure. This
name is misleading because Cauchy material models can also integrate some aspects
of the underlying microstructure as illustrated by classical homogenisation methods
used to derive the effective properties of composites. However generalised continua
incorporate a feature of the microstructure which is not accounted for by standard
homogenisation methods, namely their size–dependent material response. They
involve intrinsic lengths directly stemming from the microstructure of the material.
The mechanics of generalized continua represents a way of introducing, in the
continuum description of materials, some characteristic length scales associated
with their microstructure (Mühlhaus 1995). Such intrinsic lengths and generalized
constitutive equations can be identified in two ways. Direct identification is possible
from experimental curves exhibiting clear size effects in plasticity or fracture or
from full–field strain measurements of strongly heterogeneous fields (Geers et al.
1998). The effective properties of such generalized continua can also be derived
from scale transition and homogenization techniques by prescribing appropriate
boundary conditions on a representative volume of material with microstructure
(Cailletaud et al. 2003).

The multiplication of generalized continuum model formulations from Cosserat
to strain gradient plasticity in literature may leave an impression of disorder and
inconsistency. Recent accounts have shown, on the contrary, that unifying presenta-
tions of several classes of generalized continuum theories are possible (Hirschberger
and Steinmann 2009; Forest 2009). One of them, called the micromorphic approach,
encompasses most theories incorporating additional degrees of freedom from the
well–established Cosserat, microstretch and micromorphic continua (Eringen 1999)
up to Aifantis and Gurtin strain gradient plasticity theories. Gradient theories are
obtained from the micromormphic approach by imposing some internal constraints
linking the additional degrees of freedom and other model variables.

The micromorphic theory now arouses strong interest from the materials science
and computational mechanics communities because of its regularisation power in
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the context of softening plasticity and damage and of its rather simple implemen-
tation in a finite element program. The number of degrees of freedom is not an
obstacle any more with constantly increasing computer power and parallel solvers.

The objective of this chapter is first to present the elastoviscoplasticity theory
of micromorphic media at finite deformation. This presentation is based on the
fundamental work of Eringen and on recent developments in the context of
plasticity. It represents an update of the corresponding chapter in the CISM book
(Forest 2012). The second objective of this chapter is to present an extension of the
micromorphic theory to other kinds of additional degrees of freedom like plasticity
and damage related variables. This micromorphic approach to gradient effects in
materials’ behavior is a systematic method for incorporating intrinsic lengths in
non–linear continuum mechanical models. It is illustrated here in the case of an
anisotropic plasticity and damage model. The so–called microdamage model takes
into account the crystallography of plasticity and fracture in metal single crystals.

The nonlinear theory of micromorphic media is presented in section “The
Micromorphic Theory After Eringen and Mindlin and Its Extension to Plasticity”.
The micromorphic approach is exposed in section “The Micromorphic Approach
to Various Gradient Field Theories” together with the closely related phase field
approach. Differences and similarities between the micromorphic framework and
the phase field approach are pointed out following the general framework provided
in Gurtin (1996). A single crystal plasticity and damage model is explored in section
“Application to a Continuum Damage Model for Single Crystals and Its Regular-
ization” up to crack propagation simuation. This presentation of the micromorphic
approach and the corresponding example are taken from the formulation presented
in Aslan and Forest (2011). A first account of the method is given at small strains for
the sake of simplicity. It is followed by extensions to finite deformations, following
the guidelines given in Forest (2016). The presentation is limited to the static case,
the reader being referred to Eringen’s original dynamical formulations and to Forest
and Sab (2017) for the consideration of inertial terms.

Intrinsic notations are used throughout the chapter. In particular, scalars, vectors,
tensors of second, third and fourth ranks are denoted by a; a; a

�
; a
'
; a
�
; respectively.

Contractions are written as:

a
�
W b
�
D aij bij ; a

'

:::b
�
D aijkbijk; a

�
WW b
�
D aijklbijkl (1)

using the Einstein summation rule for repeated indices. The tensor product is

denoted by˝. For example, the component
�
a
�
˝ b
�

�
ijkl

is aijbkl. A modified tensor

product � is also used: the component
�
a
�

� b
�

�
ijkl

is aikbjl.

The gradient operators rx or rX are introduced when the functions depend on
microscopic coordinates x or macroscopic coordinates X . The following notation
is used:

U ˝rX D Ui;j ei ˝ ej ; with Ui;j D
@Ui

@Xj
(2)
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u˝rx D ui;j ei ˝ ej ; with ui;j D
@ui
@xj

(3)

where (ei)iD 1, 2, 3 is a Cartesian orthonormal basis.

The Micromorphic Theory After Eringen and Mindlin and Its
Extension to Plasticity

Kinematics of Micromorphic Media

The degrees of freedom of the theory are the displacement vector u and the
microdeformation tensor �

�
:

DOF WD

�
u
�
;�
�

�

The current position of the material point is given by the transformation ˆ

according to x D ˆ.X ; t / D X C u .X ; t /. The microdeformation describes the
deformation of a triad of directors,„i attached to the material point.

�i .X ; t / D �
�
.X ; t / �„i (4)

As such, its determinant is taken as strictly positive. The polar decomposition of
the generally incompatible microdeformation field �

�
.X/ is introduced

�
�
D R
�

] � U
�

] (5)

Internal constraints can be prescribed to the microdeformation. The micro-
morphic medium reduces to the Cosserat medium when the microdeformation is
constrained to be a pure rotation: �

�
� R
�

]. The microstrain medium is obtained

when �
�
� U

�

] (Forest and Sievert 2006). Finally, the second gradient theory

is retrieved when the microdeformation coincides with the deformation gradient,
�
�
� F
�

. A hierarchy of higher order continua can be established by specialising the

micromorphic theory and depending on the targeted material class, see Table 1.
The following kinematical quantities are then introduced:

• the velocity field � .x; t / WD Pu
�
ˆ�1 .x; t /

�
• the deformation gradient F

�
D 1
�
C u˝rX

• the velocity gradient �˝rx D PF
�
� F
�

�1
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Table 1 A hierarchy of higher order continua

Name Number of DOF DOF References

Cauchy 3 u Cauchy (1822)
Microdilatation 4 u; � Goodman and Cowin (1972) and

Steeb and Diebels (2003)
Cosserat 6 u; R

�

Kafadar and Eringen (1971)

Microstretch 7 u; �; R
�

Eringen (1990)

Microstrain 9 u; C
�

] Forest and Sievert (2006)

Micromorphic 12 u; �
�

Eringen and Suhubi (1964) and
Mindlin (1964)

• the microdeformation rate P�
�
� �
�

�1

• the third rank Lagrangean microdeformation gradient K
�
WD �
�

�1 � �
�
˝rX

• the gradient of the microdeformation rate tensor

�
P�
�
� �
�

�1

	
˝rx D �

�
� PK
�
W

�
�
�

�1 � F
�

�1

	
(6)

and the corresponding index notation:

�
P�il�

�1
lj

�
;k
D �ip PKpqr�

�1
qj F

�1
rk

Principle of Virtual Power

The method of virtual power is used to introduce the generalised stress tensors and
the field and boundary equations they must satisfy (Germain 1973b).

The modelling variables are introduced according to a first gradient theory:

MODEL D

�
�; �˝rx; P�

�
� �
�

�1;

�
P�
�
� �
�

�1

	
˝rx

�

The virtual power of internal forces of a subdomain D � B of the body is

P .i/

�
��; P�

�

� � �
�
��1

	
D

Z

D
p.i/

�
��; P�

�

� � �
�
��1

	
dV

The virtual power density of internal forces is a linear form on the fields of virtual
modeling variables:
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p.i/ D �
�
W
�
PF
�
� F
�

�1
�
C s
�
W

�
PF
�
� F
�

�1 � P�
�
� �
�

�1

	
CM
�

:::

��
P�
�
� �
�

�1

	
˝rx

	

D �
�
W
�
PF
�
� F
�

�1
�
C s
�
W

�
�
�
�

�
�
�

�1 � F
�

	
� F
�

�1

	

CM
�

:::

�
�
�
� PK
'
W

�
�
�

�1 � F
�

�1

		

(7)

where the relative deformation rate PF
�
�F
�

�1� P�
�
��
�

�1 is introduced and expressed in

terms of the rate of the relative deformation �
�

�1 � F
�

. The virtual power density

of internal forces is invariant with respect to virtual rigid body motions so that
�
�

must be symmetric. The generalised stress tensors conjugate to the velocity

gradient, the relative deformation rate and the gradient of the microdeformation
rate are the simple stress tensor �

�
, the relative stress tensor s

�
and the double stress

tensorM
�

of third rank.

The Gauss theorem is then applied to the power of internal forces.

Z

D
p.i/dV D

Z

@D
�� �

�
�
�
C s
�

�
� n dS C

Z

@D

�
P�
�

� � �
�

��1

	
WM
�
� n dS

�

Z

D
�� �

�
�
�
C s
�

�
� rxdV

�

Z

D

�
P�
�

� � �
�

��1

	
W
�
M
�
� rx C s

�

�
� dV

The form of the previous boundary integral dictates the possible form of the
power of contact forces acting on the boundary @D of the subdomain D � B.

P .c/

�
��; P�

�

� � �
�

��1

	
D
R
@D p

.c/

�
��; P�

�

� � �
�

��1

	
dV

p.c/
�
��; P�

�

� � �
�

��1

	
D t � �� Cm

�
W

�
P�
�

� � �
�

��1

	

where the simple traction t and double tractionm
�

are introduced.

The power of forces acting at a distance is defined as

P .e/

�
��; P�

�

� � �
�

��1

	
D
R
D p

.e/

�
��; P�

�

� � �
�

��1

	
dV

p.e/
�
��; P�

�

� � �
�

��1

	
D f � �� C p

�
W

�
P�
�

� � �
�

��1
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including simple body forces f and double body forces p
�

. More general double

and triple volume forces could also be incorporated according to Germain (1973b).
The principle of virtual power is now stated in the static case,

8��;8�
�

�;8D � B;P .i/

�
��; P�

�

� � �
�

��1

	
D P .c/

�
��; P�

�

� � �
�

��1

	

C P .e/

�
��; P�

�

� � �
�

��1

	

This variational formulation leads to.
Z

@D
�� �

�
�
�
C s
�

�
� n ds C

Z

@D

�
P�
�

� � �
�

��1

	
WM
�
� n dS

�

Z

D
�� �

��
�
�
C s
�

�
� rx C f

�
dV

�

Z

D

�
P�
�

� � �
�

��1

	
W

�
M
�
� rx C s

�
C p
�

	
dV D 0

which delivers the field equations of the problem (Kirchner and Steinmann 2005;
Lazar and Maugin 2007; Hirschberger et al. 2007):

• balance of momentum equation (static case)

�
�
�
C s
�

�
� rx C f D 0; 8x 2 B (8)

• balance of generalized moment of momentum equation (static case)

M
�
� rx C s

�
C p
�
D 0; 8x 2 B (9)

• boundary conditions

�
�
�
C s
�

�
� n D t; 8x 2 @B (10)

M
�
� n D m

�
; 8x 2 @B (11)
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Fig. 2 Multiplicative
decomposition of the
deformation gradient

Elastoviscoplasticity of Micromorphic Media

This section is dedicated to the formulation of constitutive equations for micromor-
phic media. The general case of hyperelastic-viscoplastic materials is considered.

Elastic–Plastic Decomposition of the Generalised Strain Measures
According to Eringen (1999), the following Lagrangean strain measures are
adopted:

STRAIN D

�
C
�
WD F
�

T � F
�
; ‡
�
WD �
�

�1:F
�
; K
�
WD �
�

�1:

�
�
�
˝rX

	�

i.e. the Cauchy–Green strain tensor, the relative deformation and the microdeforma-
tion gradient.

In the presence of plastic deformation, the question arises of splitting the previous
Lagrangean strain measures into elastic and plastic contributions. Following Mandel
(1973), a multiplicative decomposition of the deformation gradient is postulated:

F
�
D F
�

e � F
�

p D R
�

e � U
�

e � F
�

p (12)

which defines an intermediate local configuration at each material point, see Fig. 2.
Uniqueness of the decomposition requires the suitable definition of directors. Such
directors are available in any micromorphic theory.

A multiplicative decomposition of the microdeformation is also considered:

�
�
D �
�

e � �
�

p D R
�

e] � U
�

e] � �
�

p (13)

according to Forest and Sievert (2003, 2006). The uniqueness of the decomposition
also requires the suitable definition of directors. As an example, lattice directions
in a single crystal are physically relevant directors for an elastoviscoplasticity
micromorphic theory, see Aslan et al. (2011). Finally, a partition rule must also
be proposed for the third strain measure, namely the microdeformation gradient.
Sansour (1998a, b) introduced an additive decomposition of curvature:
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Fig. 3 Definition of an
intermediate local
configuration for
micromorphic elastoplasticity

K
�
D K
�

e CK
�

p (14)

A quasi–additive decomposition was proposed by Forest and Sievert (2003)
with the objective of defining an intermediate local configuration for which all
generalised stress tensor are simultaneously released, as it will become apparent
in the next section:

K
�
D �
�

p�1 �K
'

e W

�
�
�

p � F
�

p

	
CK
�

p (15)

Constitutive Equations
The continuum thermodynamic formulation is essentially unchanged in the presence
of additional degrees of freedom provided that all functionals are properly extended
to the new sets of variables. The local equation of energy balance is written in its
usual form:

�P– D p.i/ � q � r C r (16)

where " is the specific internal energy density, and p(i) is the power density of
internal forces according to Eq. (7). The heat flux vector is q and r is a heat source
term (Fig. 3). The local form of the second principle of thermodynamics is written
as.

� P�C

�
q

T

	
:r �

r

T
� 0

where � is the specific entropy density. Introducing the Helmholtz free energy
function the  , second law becomes

p.i/ � � P‰ � � PT �
q

T
� .rT / � 0
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The state variables of the elastoviscoplastic micromorphic material are all the
elastic strain measures and a set of internal variables q. The free energy density is a
function of the state variables:

‰

�
C
�

e WD F
�

eT :F
�

e; ‡
�

e WD �
�

e�1 � F
�

e; K
�

e; q

	

The exploitation of the entropy inequality leads to the definition of the hypere-
lastic state laws in the form:

�
�
D 2F

�

e � �
@‰

@C
�

e � F�
eT ; s
�
D R
�

e] � U
�

e]�1 � �
@‰

@‡
�

e � F�
eT

M
�
D �
�

�T � �
@‰

@K
�

e W

�
�
�

T � F
�

T

	
(17)

while the entropy density is still given by � D � @‰
@T

. The thermodynamic force
associated with the internal variable q is

R D ��
@‰

@q

The hyperelasticity law (17) for the double stress tensor was derived for
the additive decomposition (14). The quasi–additive decomposition (15) leads to
an hyperelastic constitutive equation for the conjugate stress M

�
in the current

configuration, that has also the same form as for pure hyperelastic behaviour. One
finds:

M
�
D �
�

e�T � �
@‰

@K
�

e W

�
�
�

eT � F
�

eT

	
(18)

The residual intrinsic dissipation is

D D †
�
W
�
PF
�

p
:F
�

p�1
�
C S
�
W

�
P�
�

p:�
�

p�1

	
CM
�

::: PK
�

p
CR Pq � 0

where generalised Mandel stress tensors have been defined.

†
�
D F
�

eT �
�
�
�
C s
�

�
� F
�

e�T ; S
�
D �U

�

e] �R
�

e]T � s
�
�R
�

e] � U
�

e]�1 (19)

M
�
D �
�

T � S
'
W

�
�
�

�T � F
�

�T

	
(20)
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At this stage, one may define a dissipation potential, function of the Mandel
stress tensors, from which the viscoplastic flow rule and the evolution equations for
the internal variables are derived.

�
�
†
�
;S
�
;M
�
; R
�

PF
�

p
:F
�

p�1 D @�
@†

�

; P�
�

p:�
�

p�1 D @�
@S

�

; PK
�

p
D @�

@M
�

; Pq D @�
@R

The convexity of the dissipation potential with respect to its arguments ensures
the positivity of the dissipation rate at each instant.

Explicit constitutive equations can be found in Forest and Sievert (2003), Gram-
menoudis and Tsakmakis (2009), Grammenoudis et al. (2009), Regueiro (2010), and
Sansour et al. (2010). Examples of application of elastoplastic micromorphic media
can be found in Dillard et al. (2006) for plasticity and failure of metallic foams.

The Micromorphic Approach to Various Gradient Field Theories

The previous micromorphic model can be extended to other types of additional
degrees of freedom. This leads to a systematic approach for the construction of
generalized continuum models with enriched kinematics. The method is presented
first within the small deformation framework. The general formulation is discussed
in the next section.

Thermomechanics with Additional Degrees of Freedom

One starts from an elastoviscoplasticity model formulation within the framework of
the classical Cauchy continuum and classical continuum thermodynamics according
to Germain et al. (1983) and Maugin (1999). The material behaviour is characterized
by the reference sets of degrees of freedom and state variables.

DOF0 D fug ; STATE0 D
n
"
�
; T; q

o
(21)

which the free energy density function  may depend on. The small strain tensor
is denoted by "

�
whereas q represents the whole set of internal variables of arbitrary

tensorial order accounting for nonlinear processes at work inside the material
volume element, like isotropic and kinematic hardening variables. The absolute
temperature is T.

Additional degrees of freedom �� are then introduced in the previous original
model. They may be of any tensorial order and of different physical nature
(deformation, plasticity or damage variable). The notation � indicates that these
variables eventually represent some microstructural features of the material so that
we will call them micromorphic variables or microvariables (microdeformation,
microdamage...). The DOF and STATE spaces are extended as follows:
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DOF D
˚
u; ��



; STATE D

n
"
�
; T; q; ��;r��

o
(22)

Depending on the physical nature of �¦, it may or may not be a state variable. For
instance, if the microvariable is a microrotation as in the Cosserat model, it is not a
state variable for objectivity reasons and will appear in STATE only in combination
with the macrorotation. In contrast, if the microvariable is a microplastic equivalent
strain, as in Aifantis model, it then explicitly appears in the state space.

The virtual power of internal forces is then extended to the power done by the
micromorphic variable and its first gradient:

P .i/
�
��; P���

�
D �

R
D p

.i/
�
��; P���

�
dV

p.i/
�
��; P���

�
D �
�
W r�� C a P��� C b � r

P���
(23)

where D is a subdomain of the current configuration of the body. The Cauchy stress
is �
�

and a and b are generalized stresses associated with the micromorphic variable

and its first gradient. Similarly, the power of contact forces must be extended as
follows:

P .c/
�
��; P���

�
D

Z

D
p.c/

�
��; P���

�
dV; p.c/

�
��; P���

�
D t:�� C ac P��� (24)

where t is the traction vector and ac a generalized traction. For conciseness, we do
not extend the power of forces acting at a distance and keep the classical form:

P .e/
�
��; P���

�
D

Z

D
p.e/

�
��; P���

�
dV; p.e/

�
��; P���

�
D �f :�� (25)

where �f accounts for given simple body forces. Following Germain (1973a), given
body couples and double forces working with the gradient of the velocity field could
also be introduced in the theory. The generalized principle of virtual power with
respect to the velocity and micromorphic variable fields, is presented here in the
static case only:

P .i/
�
��; P���

�
C P .e/

�
��; P���

�
C P .c/

�
��; P���

�
D 0; 8D � �; 8��; P��� (26)

The method of virtual power according to Maugin (1980) is used then to derive
the standard local balance of momentum equation:

div �
�
C �f D 0; 8x 2 � (27)

and the generalized balance of micromorphic momentum equation:

div b � a D 0; 8x 2 � (28)
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The method also delivers the associated boundary conditions for the simple and
generalized tractions:

t D �
�
:n; ac D b:n; 8x 2 @D (29)

The local balance of energy is also enhanced by the generalized micromorphic
power already included in the power of internal forces (23):

�P– D p.i/ � div q C �r (30)

where – is the specific internal energy, q the heat flux vector and r denotes external
heat sources. The entropy principle takes the usual local form:

��
�
P C � PT

�
C p.i/ �

q

T
:rT � 0 (31)

where it is assumed that the entropy production vector is still equal to the heat vector
divided by temperature, as in classical thermomechanics according to Coleman
and Noll (1963). Again, the enhancement of the theory goes through the enriched
power density of internal forces (7). The entropy principle is exploited according
to classical continuum thermodynamics to derive the state laws. At this stage it
is necessary to be more specific on the dependence of the state functions  , �,
�
�

,a, b on state variables and to distinguish between dissipative and non–dissipative

mechanisms. The introduction of dissipative mechanisms may require an increase
in the number of state variables. These different situations are considered in the
following subsections.

Non–dissipative Contribution of Generalized Stresses

Dissipative events are assumed here to enter the model only via the classical
mechanical part. Total strain is split into elastic and plastic parts:

"
�
D "
�

e C "
�

p (32)

The following constitutive functional dependencies are then introduced

 D b 
�
"
�

e; T; q; ��;r��

�
; �
�
D b�
�

�
"
�

e; T; q; ��;r��

�
;

� Db�
�
"
�

e; T; q; ��;r��

�
a Dba

�
"
�

e; T; q; ��;r��

�
;

b Dbb
�
"
�

e; T; q; ��;r��

� (33)



Micromorphic Approach to Gradient Plasticity and Damage 15

The entropy inequality (31) can be expanded as:

0
@�
�
� �

@b 
@"
�

e

1
A W P"
�

e C �

 
�C

@b 
@T

!
PT C

 
a � �

@b 
@��

!
P��

C

 
b � �

@b 
@r��

!
:r P�� C �

�
W P"
�

p � �
@b 
@q
Pq �

q

T
:rT � 0

(34)

Assuming that no dissipation is associated with the four first terms of the previous
inequality, the following state laws are found.

�
�
D �

@b 
@"
�

e
; � D �

@b 
@T
; R D ��

@b 
@q

(35)

a D �
@b 
@��

; b D �
@b 
@r��

(36)

and the residual dissipation is.

Dres D W p CR Pq �
q

T
� rT � 0 (37)

where Wp represents the (visco–)plastic power and R the thermodynamic force
associated with the internal variable q. The existence of a convex dissipation poten-

tial, �
�
�
�
; R
�

depending on the thermodynamic forces can then be assumed from

which the evolution rules for internal variables are derived, that identically fulfill
the entropy inequality, as usually done in classical continuum thermomechanics
(Germain et al. 1983):

P"
�

p D
@�

@�
�

; Pq D
@�

@R
(38)

Micromorphic Model
After presenting the general approach, we readily give the most simple example
which provides a direct connection to several existing generalized continuum
models. An element � is selected in the STATE0 set, see Eq. (21) or among other
variables present in the original model. Cases are first considered where � and �¦
are observer invariant quantities. The free energy density function  is chosen as a
function of the generalized relative strain variable e defined as:

e D � � �� (39)
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thus introducing a coupling between macro and micromorphic variables. Assuming
isotropic material behavior for brevity, the additional contributions to the free energy
can be taken as quadratic functions of e and r�¦:

 
�
"
�
; T; q; ��;r��

�
D  .1/

�
"
�
; T; q

�
C  .2/

�
e D � � ��;r��; T

�
; with

(40)

� .2/
�
e;r��; T

�
D
1

2
H�

�
� � ��

�2
C
1

2
Ar�� � r�� (41)

where H¦ and A are the additional moduli introduced by the micrmorphic model.
After inserting the state laws (36)

a D �
@ 

@��
D �H�

�
� � ��

�
; b D �

@ 

@r��
D Ar�� (42)

into the additional balance equation (28), the following partial differential equation
is obtained, at least for a homogeneous material under isothermal conditions:

� D �� �
A

H�

��� (43)

where � is the Laplace operator. This type of equation is encountered at several
places in the mechanics of generalized continua especially in the linear micromor-
phic theory (Mindlin 1964; Eringen 1999; Dillard et al. 2006) and in the so–called
implicit gradient theory of plasticity and damage (Peerlings et al. 2001, 2004;
Engelen et al. 2003). Note however that this equation corresponds to a special
quadratic potential and represents the simplest micromorphic extension of the
classical theory. It involves a characteristic length scale defined by:

l2c D
A

H�

(44)

This length is real for positive values of the ratio A/H¦. The additional material
parameters H¦ and A are assumed to be positive in this work. This does not exclude
a softening material behaviour that can be induced by the proper evolution of the
internal variables (including � D q itself).

Viscous Generalized Stress and Phase Field Model

Generalized stresses can also be associated with dissipation by introducing the
viscous part av of a:
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"
�
D "
�

e C "
�

p; a D ae C av (45)

The entropy inequality (31) now becomes

0
@�
�
� �

@b 
@"
�

e

1
A W P"
�

e C �

 
�C

@b 
@T

!
PT C

 
ae � �

@b 
@��

!
P�� C

 
b � �

@b 
@r��

!
:r P��

C�
�
W P"
�

p � �
@b 
@q
Pq C a� P�� �

q

T
:rT � 0

(46)

Assuming that no dissipation is associated with the four first terms of the previous
inequality, the following state laws are found

�
�
D �

@b 
@"
�

e
; � D �

@b 
@T
; R D ��

@b 
@q

(47)

ae D �
@b 
@��

; b D �
@b 
@r��

(48)

and the residual dissipation is

Dres D �
�
W P"
�

p CR Pq C a� P�� �
q

T
:rT � 0 (49)

Evolution rules for viscoplastic strain, internal variables, and the additional

degrees of freedom can be derived from a dissipation potential �
�
�
�
; R; a�

�
:

P"
�

p D
@�

@�
�

; Pq D
@�

@R
; P�� D

@�

@a�
(50)

Convexity of the dissipation potential then ensures positivity of dissipation rate
for any process.

Note that no dissipative part has been assigned to the generalized stress b since
then exploitation of second principle does not seem to be straightforward. Instead,
the total gradient r�¦ can be split into elastic and plastic parts, as it will be done in
section “Elastic-Plastic Decomposition of Generalized Strains”.

Phase Field Model
The dissipation potential can be decomposed into the various contributions due to
all thermodynamic forces. Let us assume for instance that the contribution of the
viscous generalized stress a¤ is quadratic:
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�
�
�
�
; R; a�

�
D �1

�
�
�
; R
�
C�2 .a

�/ ; �2 .a
�/ D

1

2ˇ
a�2 (51)

The use of the flow rule (50) and of the additional balance equation (28) then
leads to

ˇ P� D a� D a � ae D a � �
@b 
@��
D div

 
�
@b 
@r��

!
� �

@b 
@��

(52)

One recognizes the Landau–Ginzburg equation that arises in phase field theories.
The previous derivation of Landau–Ginzburg equation is due to Gurtin (1996), see
also Ammar et al. (2009). The coupling with mechanics is straightforward according
to this procedure and more general dissipative mechanisms can be put forward, see
Rancourt et al. (2016).

Elastic–Plastic Decomposition of Generalized Strains

Instead of the previous decomposition of generalized stresses, the introduction of
additional dissipative mechanisms can rely on the split of all strain measures into
elastic and plastic parts:

"
�
D "
�

e C "
�

p; �� D �
e
� C �

p
� ; � D r�� D �

e C �p (53)

The objectivity of �¦ is required for such a unique decomposition to be defined.
We do not require here that

�e D r�e�; �
p D r�p� (54)

although such a model also is possible, as illustrated by the gradient of strain theory
put forward in Forest and Sievert (2003). The Clausius–Duhem inequality then
writes
�
�
�
� � @b 

@"
�

e

	
W P"
�

e C �
�
�C @b 

@T

�
PT C

�
a � � @

b 
@��

�
P�e� C

�
b � � @b 

@r��

�
: P�e

C�
�
W P"
�

p � � @
b 
@q
Pq C a P�

p
� C b: P�

p �
q

T
:rT � 0

(55)

Assuming that no dissipation is associated with the four first terms of the previous
inequality, the following state laws are found

�
�
D �

@b 
@"
�

e
; � D �

@b 
@T
; R D ��

@b 
@q

(56)
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a D �
@b 
@�e

�

; b D �
@b 
@�e

(57)

and the residual dissipation is

Dres D �
�
W P"
�

p CR Pq C a P�p� C b: P�
p �

q

T
:rT � 0 (58)

Evolution rules for viscoplastic strain, internal variables, and the additional

degrees of freedom can be derived from a dissipation potential �
�
�
�
; R; a;b

�
:

P"
�

p D
@�

@�
�

; Pq D
@�

@R
; P�p� D

@�

@a
; P�p D

@�

@b
(59)

As a result of the additional balance equation (28) combined with the previous
state laws, the type of derived partial differential equation can be made more specific
by adopting a quadratic free energy potential for b (modulus A) and a quadratic
dissipation potential with respect to a (parameter ˇ). We obtain:

ˇ P�� D aC ˇ P�
e
� D div A� � div A�p C ˇ P�e� (60)

Decompositions of stresses and strains can also be mixed, for instance in the
following way:

"
�
D "
�

e C "
�

p; a D ae C a�; � D r�� D �
e C �p (61)

based on which a constitutive theory can be built.

Application to a Continuum Damage Model for Single Crystals
and Its Regularization

The micromorphic approach is now illustrated in the case of a constitutive model for
damaging viscoplastic single crystals. The objective is to simulate crack initiation
and propagation. The micromorphic model is used in order to obtain a regularized
continuum damage formulation with a view to simulating mesh-independent crack
propagation in single crystals.

Constitutive Equations

In the proposed crystal plasticity model taken from Marchal, et al. (2006a),
viscoplasticity and damage are coupled by introducing an additional damage strain
variable "

�

d , into the strain rate partition equation:
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P"
�
D P"
�

e C P"
�

p C P"
�

d (62)

where P"
�

eand P"
�

p are the elastic and the plastic strain rates, respectively. The flow

rule for plastic part is written at the slip system level by means of the orientation
tensorm

�

s:

m
�

s D
1

2
.ns ˝ l s C l s ˝ ns/ (63)

where ns is the normal to the plane of slip system s and l s stands for the
corresponding slip direction. Then, plastic strain rate reads:

P"
�

p D

NslipX
sD1

P”sm
�

s (64)

where Nslip is the total number of slip systems. The flow rule on slip system s is a
classical Norton rule with threshold:

P”s D

�
j	s � xsj � rs

K

�n
sign .	s � xs/ (65)

where rs and xs are the variables for isotropic and kinematic hardening respectively
and K and n are viscosity material parameters to be identified from experimental
curves.

Material separation is assumed to take place w.r.t. specific crystallographic
planes, like cleavage planes in single crystals. The word cleavage is written in a
more general sense that its original meaning in physical metallurgy associated with
brittle fracture of non–f.c.c. crystals. In the continuum mechanical model, cleavage
means cracking along a specific crystallographic plane as it is often observed in
low cycle fatigue of f.c.c. crystals like single crystal nickel–base superalloys. The
damage strain P"

�

d is decomposed in the following crystallographic contributions:

P"
�

d D

NdamageX
sD1

Pıscn
s
d ˝ n

s
d C
Pıs1n

s
d

sym
˝ l sd1 C

Pıs2n
s
d

sym
˝ l sd2 (66)

where Pıs; Pıs1 and Pıs2 are the strain rates for mode I, mode II and mode III crack
growth, respectively and Nd

damagestands for the number of damage planes which
are fixed crystallographic planes depending on the crystal structure. Cleavage
damage is represented by the opening Pıscof crystallographic cleavage planes with
the normal vector ns . Additional damage systems must be introduced for the in-
plane accommodation along orthogonal directions l s1 and l s2, once cleavage has
started (Fig. 4). Three damage criteria are associated to one cleavage and two
accommodation systems:
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Fig. 4 Illustration of the
cleavage and two
accommodation systems to be
associated to the
crystallographic planes

f s
c D

ˇ̌
ˇnsd � �� � n

s
d

ˇ̌
ˇ � Y sc (67)

f s
i D

ˇ̌
ˇnsd � �� � l

s
di

ˇ̌
ˇ � Y si .i D 1; 2/ (68)

The critical normal stress Ys for damage decreases as ı increases:

Y sc D Y
s
0 CHı

s
c; Y

s
i D Y

s
0 CHı

s
i (69)

where Y s0 is the initial damage stress (usually coupled to plasticity) and H is
a negative modulus which controls material softening due to damage. Finally,
evolution of damage is given by the following equations;

Pısc D

�
f s
c

Kd

�nd
sign

�
nsd � ��

� nsd

�
(70)

Pısi D

�
f s
i

Kd

�nd
sign

�
nsd � ��

� l sdi

�
(71)

where Kd and nd are material parameters.
These equations hold for all conditions except when the crack is closed�

ısc < 0
�
and compressive forces are applied

�
nsd � ��

� nsd < 0
�
: In this case, damage

evolution stops
�
Pısc D

Pısi D 0
�
; corresponding to the unilateral damage conditions.

Note that the damage variables ı introduced in the model differ from the usual
corresponding variables of standard continuum damage mechanics that vary from 0
to 1. In contrast, the ıs are strain–like quantities that can ever increase.

Coupling between plasticity and damage is generated through initial damage
stress Y0 in (69) which is controlled by cumulative slip variable ”cum:
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P”cum D

NslipsX
sD1

j P”sj (72)

Then, Y0 takes the form:

Y s0 D 

c
n e
�d”cum C 
ult (73)

This formulation suggests an exponential decaying regime from a preferably high
initial cleavage stress value 
cn ; to an ultimate stress, 
ult which is close but not equal
to zero for numerical reasons and d is a material constant.

This model, complemented by the suitable constitutive equations for viscoplastic
strain, has been used for the simulation of crack growth under complex cyclic
loading at high temperature (Marchal et al. 2006a). Significant mesh dependency
of results was found Marchal et al. (2006b).

In the present work, the model is further developed by switching from classical to
microdamage continuum in order to assess the regularization capabilities of a higher
order theory. The coupling of the model with microdamage theory is achieved by
introducing a cumulative damage variable calculated from the damage systems and
a new threshold function Y0(ı, ”cum):

Pıcum D

NplanesX
sD1

Pıs; where Pıs D
ˇ̌
ˇ Pısc
ˇ̌
ˇC

ˇ̌
ˇ Pıs1
ˇ̌
ˇC

ˇ̌
ˇ Pıs2
ˇ̌
ˇ (74)

Y0 D 

c
n e
�d”cum�Hıcum C 
ult (75)

where the modulus H accounts for damage induced softening and 
ult is a ultimate
stress.

Microdamage Continuum

In microdamage theory, the introduced microvariable is a scalar microdamage
field ı¦:

DOF D
˚
u; ı�



STRAIN D

n
"
�
; ı�;rı�

o
(76)

The power of internal forces is extended as

p.i/ D �
�
W P"
�
C a Pı� C b � r Pı� (77)

where generalized stresses a;b have been introduced. The generalized balance
equations are:
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div �
�
D 0; a D div b (78)

The free energy density is taken as a quadratic potential in the elastic strain,
damage ı, relative damage ı � ı¦ and microdamage gradient rı¦:

� D
1
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e W c
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�

e C
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2

NdamageX
sD1

Hı2s C
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2
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�
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C
1

2
Arı� � rı� (79)

where H, H¦ and A are scalar material constants. The tensor of elastic moduli is
called c

�
. Then, the elastic response of the material becomes:

�
�
D �

@ 

@"
�

e
D c
�
W "
�

e (80)

The generalized stresses read:

a D �
@ 

@ı�
D �H�

�
ı � ı�

�
; b D Arı� (81)

and the driving force for damage can be derived as:

Y s D �
@ 

@ıs
D Hıs CH�

�
ıs � ı�

�
(82)

The damage criterion now is:

f s D
ˇ̌
ˇns � �

�
� ns

ˇ̌
ˇ � Y0 � Y s D 0 (83)

Substituting the linear constitutive equations for generalized stresses into the
additional balance equation (78), assuming homogeneous material properties, leads
to the following partial differential equation for the microdamage

ı� �
A

H�

�ı� D ı (84)

where the macrodamage ı acts as a source term. Exactly this type of Helmholtz
equation has been postulated in the so–called implicit gradient theory of plasticity
and damage (Peerlings et al. 2001, 2004; Engelen et al. 2003; Germain et al. 2007),
where the microvariables are called non local variables and where the generalized
stresses a and b are not explicitly introduced (see Forest (2009) and Dillard et al.
(2006) for the analogy between this latter approach and the micromorphic theory).

The solution of the problem of failure of a 1D bar in tension/compression was
treated by Aslan and Forest (2009). The characteristic size of the damage zone was



24 S. Forest

0

20

40

60

80

100

0 0.05 0.1 0.15 0.2 0.25 0.3

F
or

ce
 (

N
)

displacement (mm)

exponential decay
linear decay

Fig. 5 Comparison between force vs. displacement diagram of a 1D softening rod for linear and
exponential decay

shown to be controlled by the characteristic length corresponding to the inverse of

! D

qˇ̌
H H�=A

�
H CH�

�ˇ̌
(85)

In comparison with the standard strain gradient approaches (Peerlings et al. 2001;
Germain et al. 2007), microdamage theory eliminates the final fracture problem
without any modification to the damage function, since there exists no direct
coupling between the force stress �

�
and the generalized stresses, a and b. For a

better representation of a cracked element, an exponential drop is used for both the
damage threshold Y0 and the modulus A , since the element should become unable
to store energy due to the generalized stresses when broken (see Fig. 5):

Y0 D 

c
n e
�Hı C 
ult ; b D Ae

�Hır�ı (86)

Numerical Examples

As a 2D example, a single crystal CT-like specimen under tension is analysed.
The corresponding FE mesh is given in Fig. 6. Analyses are performed for two
different crack widths, obtained by furnishing different material parameters which
control the characteristic length (Fig. 7). The propagation of a crack, corresponding
stress fields and the comparison with classical elastic solutions are given in Fig. 8.
This comparison shows that the microdamage model is able to reproduce the stress
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Fig. 6 FE mesh of a CT-like specimen

Fig. 7 Crack growth in a 2D single crystal CT-like specimen with a single cleavage plane aligned
through the horizontal axis under vertical tension. Field variable ı (Left) A D 100 MPa.mm2, H
D�20000 MPa, H¦ D 30,000 MPa, (Right) AD 150 MPa.mm2, H D -10000 MPa, H¦ D 30000
MPa

concentration at the crack tip except very close to the crack tip where finite stress
values are predicted.

The Micromorphic Approach at Finite Deformations

Extensions of the previous systematic micromorphic approach are presented for
finite deformations along the lines of Forest (2016). They generalize some aspects
of the finite deformation micromorphic theory presented in section “The Micromor-
phic Theory After Eringen and Mindlin and Its Extension to Plasticity”.
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Fig. 8 Mode I stress profile (in MPa) vs. position along the ligament (in mm) at three distinct
crack propagation steps: micromorphic solution compared to the linear elastic one

Micromorphic and Gradient Hyperelasticity

Nonlinearity arises not only from nonlinear material response but also from the
consideration of finite deformations. The impact of finite strains on regularisation
operators is largely unexplored. It is first illustrated in the pure hyperelastic case,
leaving aside for a moment the inclusion of plastic effects. It is recalled that the
Lagrangian coordinates of the material points are denoted by X on the reference
configuration 0, whereas their positions in the current configuration are called x.
The gradient operators with respect to Lagrangian (reference) and Eulerian (current)
coordinates are denoted by rX and rx, respectively. The deformation gradient is
F
�
D 1
�
Cu˝rX where the displacement vector is the function u .X; t/. The initial

and current mass density functions are �0 .X; t/ and p .x; t /, respectively.
It is appropriate here to recall the Eulerian balance equation and boundary

conditions in the case of a scalar micromorphic degree of freedom, in the absence
of body forces:

div �
�
D 0; a D div b; 8x 2 �; t D �

�
� n
�
; ac D b � n; 8x 2 @� (87)

Finite Microstrain Tensor Model
The microstrain model was introduced in Table 1 as a reduced micromorphic model
where Eringen’s microdeformation tensor is taken as symmetric, as proposed in
Forest and Sievert (2006). The additional degrees of freedom are the six components
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of a microstrain tensor �
�

, a second order symmetric tensor associated with the right

Cauchy-Green strain measure of the micromorphic deformation. Accordingly, the
microstrain is regarded here as a Lagrangian variable. The Lagrangian power density
of internal forces takes the form:

p
.i/
0 D

1

2
…
�
W PC
�
C a
� 0
W P�
�
C b
� 0

:::

�
P�
�
˝rX

	
D Jp.i/ (88)

p(i) being the Eulerian internal power density and the Jacobian J D det F
�

. The

right Cauchy-Green tensor is C
�
D F
�

T � F
�

and …
�

is the Piola stress tensor. The

method of virtual power can be used to show that the generalized Lagrangian stress
tensors, a second and a third rank tensor, fulfill the following balance equation:

Div b
� 0
D a
� 0

(89)

in addition to the balance of momentum equation

Div F
�
�…
�
D 0 (90)

in the absence of body and inertial forces, the divergence operator Div being
computed with respect to Lagrangian coordinates. The corresponding Eulerian
forms of the balance equations are

div �
�
D 0; div b

�
D a
�

(91)

with the Neumann boundary conditions for tractions and double tractions: t D
�
�
� n; b
�
D b
�
� n, involving the normal vector of the current surface element. The

relations between the Lagrangian and Eulerian generalized stress tensors

a
� 0
D J a

�
; b
� 0
D Jb

�
� F
�

�T D JF
�

�1 � b (92)

The hyperelastic free energy density function is  0

�
C
�
;�
�
;�
�
˝rX

	
and the

stress–strain relations read:

…
�
D 2�0

@ 0

@C
�

; a
� 0
D �0

@ 0

@�
�

; b
� 0
D �0

@ 0

@�
�
˝rX

(93)

The relative strain tensor e
�
D C
�
� �
�

was defined in Forest and Sievert (2006)

and measures the difference between macro and micro–strain. As an example, the
following potential is proposed:
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�0 0 D �0 ref

�
C
�

�
C
1

2
H�

�
C
�
� �
�

	2
C
1

2
�
�
˝rX

:::A
�
�

:::�
�
˝rX (94)

where a penalty modulus H¦ is introduced and where  ref is a standard hyperelastic
strain energy potential (neo–Hookean, etc.). The higher order term involves a sixth–
rank tensor of elasticity moduli which is symmetric and assumed definite positive,
see Auffray et al. (2013). The stress–strain relations (93) become:

…
�
D 2�0

@ ref

@C
�

CH�

�
C
�
� �
�

	
; a
� 0
D �H�

�
C
�
� �
�

	
; b
� 0
D A
�
�

:::

�
�
�
˝rX

	

(95)

Note that the classical hyperelastic relation is complemented by a coupling term
involving the microstrain tensor. Taking the balance equation (90) into account, the
set of p.d.e. for the microstrain components is found to be:

C
�
D �
�
�

1

H�

Div

 
A
�
�

:::

�
�
�
˝rX

	!
(96)

The associated regularisation operator is now given in the simplified case where
the sixth rank tensor of higher order moduli is assumed to be the identity multiplied
by the single modulus A:

Op D 1
�
�
A

H�

�X (97)

It involves the Lagrangian Laplace operator �X(•) D (•),KK in a Cartesian frame
where capital indices refer to Lagrange coordinates and the comma to partial
derivation. It is linear w.r.t. Lagrangian coordinates but the full problem is of course
highly non linear. The associated Eulerian partial differential operator is nonlinear
in the form: ¦IJ, KK D ¦IJ, KlFkKFlK , where small index letters refer to the current
coordinate system.

An Eulerian formulation of the proposed constitutive equations is possible. It will
be illustrated in the next section in the case of a scalar microstrain variable for the
sake of brevity.

Equivalent Microstrain Model at Finite Deformation
According to the micromorphic approach, it is not necessary to consider the full
microstrain tensor. Instead, the set of degrees of freedom of a reduced micromorphic
model can be the usual displacement vector and a scalar microstrain variable
� .X ; t /. The latter variable is assumed to be a Lagrangian quantity, invariant w.r.t.
change of observer. The free energy density is a function of the following argument

 0

�
C
�
; �;rx�

�
. The corresponding hyperelastic state laws fulfilling the Clausius–

Duhem inequality take the form:
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…
�
D 2�0

@ 0

@C
�

; a0 D �0
@ 0

@�
; b0 D �0

@ 0

@rx�
(98)

As an example, the following Lagrangian potential is proposed:

�0 0 D �0 ref

�
C
�

�
C
1

2
H�

�
Ceq � �

�2
C
1

2
rx� �A

�
� rX� (99)

The microstrain is compared to some equivalent strain measure, Ceq, function of
the invariants of C

�
. The stress–strain relations (98) become:

…
�
D 2�0

@ ref

@C
�

CH�

�
Ceq � �

� @Ceq
@C
�

; a0 D �H�

�
Ceq � �

�
; b0 D A�

� rX�

(100)

Taking the balance equation a0 D rX �b0 into account, the p.d.e. governing ¦ is:

Ceq D � �
1

H�

Div
�
A
�
� rX�

�
(101)

Let us mention the corresponding isotropic form, when A
�
D A1

�
:

Ceq D � �
A

H�

�X� (102)

where �X is the Laplace operator with respect to Lagrangian coordinates. An
example of equivalent strain measure which the microstrain is compared with is

Ceq D
q
C
�
W C
�
;

@Ceq

@C
�

D C
�
=Ceq (103)

The penalty modulus H¦ constrains the microstrain degree of freedom to remain
close to the equivalent strain measure Ceq. In the limit of large values of H¦,
the generalized stress a0 can be regarded as a Lagrange multiplier enforcing the
constraint. As a result, the microstrain gradient becomes equal to the equivalent
strain gradient and the micromorphic model degenerates into a gradient model,
see Forest and Sab (2017) for a detailed description of internal constraints in
micromorphic theories.

The formulation of a constitutive law based on Eulerian strain measures, B
�
D

F
�
� F
�

T and rx�, is now envisaged. It relies on the choice of a free energy

potential � 
�
B
�
; �;rx�

�
. Galilean invariance of the constitutive law requires that

this function fulfills the following conditions:
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�
Q
�
�B
�
�Q
�

T ; �;Q
�
� rx�

	
D  

�
B
�
; �; �rx�

�
(104)

for all constant orthogonal transformations Q
�

. This amounts to stating isotropy

of the function  . Representation theorems are available for such functions,

 
�
B
�
; �;rx�

�
D  .B1; B2; B3; �; krx �k /, where the Bi are the eigenvalues of

B
�

. The Cauchy stress tensor, �
�

, is known then to commute with B
�

such that:

�
�
W D
�
D
�
�
�
�B
�

�1
�
W
�
PF
�
� F
�

T
�
D
�
B
�

�1 � �
�

�
W
�
F
�
� PF
�

T
�
D
1

2

�
B
�

�1 � �
�

�
W PB
�

(105)

where the strain rate tensor, D
�

, is the symmetric part of the velocity gradient, PF
�
�

F
�

�1. The hyperelastic state laws then take the form:

�
�
D 2B

�
� �
@ 

@B
�

; a D �
@ 

@�
; b D �

@ 

@rX�
(106)

As an example, the following Eulerian potential is proposed:

� D � ref

�
B
�

�
C
1

2
H�

�
Beq � �

�2
C
1

2
Arx� W rx�; (107)

where  ref refers to a standard isotropic elasticity potential from the classical finite
elasticity theory. Note that Beq D Ceq since B

�
and C

�
share the same eigenvalues.

The state laws (106) become:

�
�
D 2�

@ ref

@B
�

CH�

�
Beq � �

� @Beq
@B
�

; a D �H�

�
Beq � �

�
; b D Arx�

(108)

The Eulerian regularisation operator follows from (91):

Beq D � �
A

H�

�x� (109)

where �x is the Laplace operator with respect to the Eulerian coordinates.
It is essential to notice that the isotropic regularisation operators (102) and (109)

are distinct. For, if the Lagrangian higher order elastic law is linear with respect to
the constitutive quantities involved, the deduced Eulerian law is NOT linear:

b0 D ArX� ) b D J�1F
�
� b0 D AJ

�1B
�
� rx� (110)
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so that the Eulerian regularisation operator will not be linear, i.e. different from
(109).

Finite Deformation Micromorphic Elastoviscoplasticity Using an
Additive Decomposition of a Lagrangian Strain

The most straightforward extension of the previous framework to viscoplasticity is
to introduce a finite plastic strain measure in the decomposition of a Lagrangian
total strain tensor. Such Lagrangian formulations of elastoviscoplasticity involve
the additive decomposition of some Lagrangian total strain measure into elastic and
viscoplastic parts:

E
� h
D h

�
C
�

�
D E
�

e

h
CE
�

p

h
(111)

Many choices are possible for the invertible function h with restrictions ensuring
that E

� h
is a strain measure (symmetric, vanishing for rigid body motions, differ-

entiable at 0 so that the tangent is the usual small strain tensor "
�

, used before,

see Besson et al. 2009). Seth-Hill’s strain measures are obtained for power law

functions such that: E
�m
D 1

m

�
C
�

m
2 � 1

�

�
; for m > 0;E

� 0
D logC

�

1
2 , the latter

being the Lagrangian logarithmic strain. The case m D 2 corresponds to the
Green–Lagrange strain measure for which this finite deformation theory was first
formulated by Green and Naghdi (see Lee and Germain 1972; Bertram 2012) for
the pros and the cons of various such formulations. This Lagrangian formulation
is preferable to Eulerian ones based on corresponding Eulerian strain measures in
order not to limit the approach to isotropic material behaviour (Simo and Miehe
1992). The additive decomposition of the Lagrangian logarithmic strain is put
forward in the computational plasticity strategies developed in Miehe et al. (2002)
and Helfer (2015). However, there is generally no physical motivation for the
selection of one or another Lagrangian strain measure within this framework. In
addition, this approach favours one particular reference configuration for which
the corresponding strain is decomposed into elastic and plastic parts, again without
clear physical argument. Changes of reference configuration lead to complex hardly
interpretable transformation rules for the plastic strain variables, see Shotov and
Ihlemann (2014) for a comparison of finite deformation constitutive laws with
respect to this issue. Note also that limitations arise from using a symmetric
plastic strain variable E

�

p

h
especially when plastic spin relations are needed for

anisotropic materials (Bertram 2012). This framework was applied to micromorphic
and gradient plasticity and damage theories in Geers (2004), Horak and Jirasek
(2013), and Miehe (2014).

A Lagrangian conjugate stress tensor
Q
� h

is defined for each strain measure E
� h

such that
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1
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W PC
�
D …
� h
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� h
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� h
D …
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@ @h
@C
�

1
A
�1

(112)

The power density of internal forces is:

p
.i/
0 D …� h

W PE
� h
C a0 P�C b0 � rX P�

and the free energy density function has the following arguments:

 0

�
E
�

e

h
; q; �;K WD rX�

�
. The dissipation inequality then reads:
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C…
� h
W PE
�

p
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� �0

@ 0

@q
Pq � 0

(113)

from which the following state laws are selected:

…
� h
D �0

@ 0

@E
�

e

h

; a D �0
@ 0

@ffl
; b0 D �0

@ 0

@rX�
; R D �0

@ 0

@q
(114)

The flow and hardening rules can be determined from the suitable choice of

dissipation potential �
�
…
� h
; R
�

:

PE
�

p

h
D

@�

@…
� h

; Pq D �
@�

@R
(115)

The existence of such a dissipation potential is not necessary but assumed in
the whole chapter for convenience. Alternative methods of exploitation of the
dissipation principle exist for micromorphic continua, for instance based on the
extended Liu procedure (Ván et al. 2014; Berezovski et al. 2014).

Two straightforward extensions of the micromorphic approach to finite strain
viscoplasticity based on an additive decomposition of a Lagrangian strain measure
are presented:

�0 0 D
1

2
E
�

e

h
W c
�
W E
�

e

h
C �0 q.q/CH�

�
Eheq � �

�2
C �0 r .K / (116)

where Eheq is an equivalent total strain measure, or, alternatively,
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�0 0 D
1

2
E
�

e

h
W c
�
W E
�

e

h
C �0 q.q/CH�.p � �/

2 C �0 r .K / (117)

where Pp D
r
2=3 PE

�

p

h
W PE
�

p

h
is the cumulative plastic strain in the present context.

These choices respectively provide the following regularisation partial differential
equations:

Eheq D � � Div�0
@ 0

@K
; or p D � � Div �0

@ 0

@K
(118)

If, b0 D AK , then the regularisation operator involves the Lagrangian Laplace
operator �X in the same way as in Eq. (97).

Finite Deformation Micromorphic Viscoplasticity Using Local
Objective Frames

An alternative and frequently used method to formulate anisotropic elastoviscoplas-
tic constitutive equations at finite deformations that identically fulfill the condition
of Euclidean invariance (also called material frame indifference, see Besson et al.
2009), is to resort to local objective rotating frames, as initially proposed by Dogui
and Sidoroff (1985) and Sidoroff and Dogui (2001). A local objective rotating frame
is defined by the rotation fieldQ

�
.x; t/, objective w.r.t. to further change of observer,

and taking different values at different material points and different times:

x� D Q
�

T .x; t / � x (119)

It is based on the idea that there exists for each material point a privileged
observer w.r.t. which the constitutive law takes a simple form. The method is
described in details in Besson et al. (2009) and is used in many commercial finite
element codes with the standard choices: corotational frame, such that W

�

� D

PQ
�
� Q
�

T D W
�
;W
�

being the skew–symmetric part of the velocity gradient, and

polar frame, such that Q
�
.x; t / D R

�
.x; t / ;R

�
being the rotation part in the polar

decomposition of the deformation gradient F
�

. The main drawback of this method is

the absence of thermodynamic background since, depending on specific constitutive
choices within this framework, a free energy function of the strain may not exist.

This method is now applied to a micromorphic model including a scalar
additional d.o.f. ¦. Extension to higher order tensor–valued additional degrees of
freedom is straightforward. The field equations are still given by (87). The stresses
w.r.t. the local objective frames are:
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�
�

� WD Q
�

T � �
�
�Q
�
; a� D a; b� D Q

�

T � b (120)

Time–derivation of these relations shows that the rotated stress derivatives are
given by

Q
�
� P�
�

� �Q
�

T D P�
�
C �
�
�W
�

� �W
�

� � �
�
; Q

�
� Pb

�
D Pb �W

�

� � b (121)

i.e. objective derivatives of the corresponding Eulerian stress tensors. If the corota-
tional frame is used, the corresponding time derivative is the Jaumann rate, whereas
it is the Green–Naghdi stress rate when the polar rotation is used. The same
procedure is applied to the strain rates:

D
�

� WD Q
�

T �D
�
�Q
�
; Pk

�
D Q
�

T � rx P� (122)

The time integration of the second equation in the rotating frame provides the
variable k�. It must be underlined that k� is NOT equal to Q

�

T � rx�. It is NOT

the exact material time derivative of a constitutive variable, in general. The standard
procedure then consists in postulating an additive decomposition of the rotated strain
rate into elastic and plastic parts as

D
�

� D Pe
�

e C Pe
�

p (123)

where the elastic and plastic strain e
�

e and e
�

p are solely defined in the rotated frame.

Anisotropic elastic laws are assumed to take the form:

�
Q

� D c
�
W e
Q

e; a D �H� .p � �/ ; b� D A
Q
� b� (124)

Time–derivation of these equations and consideration of Eq. (120) show that the
elasticity laws are in fact hypoelastic and that, generally, there does not exist a free
energy density function from which they can be derived (Toll 2011).

The yield function and the flow rule are formulated within the rotated frame:

f
�
�
�

�; R
�
D 
�eq �R; Pe

�

p D Pp
@f

@�
�

�
(125)

where normality is assumed for convenience and the viscoplastic multiplier Pp
is given by some viscoplastic law. The evolution of internal variables is of the

form Pq D H
�
q; Pe
�

p
�

for suitable functions H. The yield radius is chosen as the

following expression inspired by the previous thermodynamically based models:
R D Rref .p/�a D Rref �div b. This extension of the micromorphic approach to
finite deformations using rotating frames has been proposed first by Saanouni and
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Hamed (2013) and used by these authors for metal forming simulations involving
regularised damage laws. As a result, the regularisation operator can be written as:

p D � �
1

H�

div b D � �
1

H�

div

�
Q
�
� b�

	
D � �

1

H�

div

�
Q
�
�A
�
� k�

	
(126)

In the isotropic case, A
�
D A1

�
, the regularisation operator reduces to

p D � �
A

H�

div

�
Q
�
� k�

	
(127)

It is worth insisting on the fact that, in general, Q
�
� k� ¤ rx�. Accordingly, the

previous equation does not involve the Laplace operator and the regularisation is
therefore nonlinear even with respect to rotated quantities.

Among all choices of rotating frames, the one associated with the logarithmic
spin rate tensor (Xiao et al. 1999) was claimed to be the only one such that, when
Pe
�

p D 0, the isotropic hypoelastic strain-stress relation turns out to be hyperelastic.

However, this property does not pertain to the general case Pe
�

p ¤ 0, so that this

specific choice does not in general provide any explicit form of the regularisation
operator.

Alternative constitutive choices are possible for the higher order stresses if
Laplacian operators are preferred. They amount to restricting the use of the
rotating frame only to the classical elastoviscoplasticity equations and to writing
independently, b D A rx�, so that the regularisation operator is expressed in
terms of the Eulerian Laplace operator �x, see Eq. (148) in the next section, or
b0 D A rX� which leads to the Lagrangian Laplace operator �X , see Eq. (143) in
the next section.

Note that limitations in the formulation of anisotropic plasticity arise from using
symmetric plastic strain variable e

�

p and that generalisations are needed in order

to introduce necessary plastic spins for materials with microtructures, which is
possible within the rotating frame approach (Forest and Pilvin 1999).

Finite Deformation Micromorphic Elastoviscoplasticity Based on the
Multiplicative Decomposition

The most appropriate thermodynamically based framework for the formulation
of finite deformation anisotropic elastoviscoplasticity relies on the multiplicative
decomposition of the deformation gradient, as settled by Mandel (1971). This
method is applied here to a generalised continuum model again limited to one scalar
degree of freedom, ¦, in addition to the displacement vector, u. The gradients of
the degrees of freedom can be computed with respect to the reference or current
coordinates:
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F
�
D 1
�
C Grad u D 1

�
C u˝rX (128)

K D Grad � D rX�; k D grad � D rX� D F
�

�T �K D K � F
�

�1 (129)

The consideration of microdeformation degrees of freedom of higher order is
possible without fundamental modification of the approach below, see Forest and
Sievert (2006).

A multiplicative decomposition is envisaged in this section, see Eq. (12), in the
form:

F
�
D F
�

e � F
�

p (130)

which assumes the existence of a triad of directors attached to the material point
in order to unambiguously define the isoclinic intermediate local configuration,
labelled (#) in the sequel, see Mandel (1971, 1973). The directors are usually related
to non–material microstructure directions like lattice directions in single crystals or
fibre directions in composites. The existence of such directors is required for the
formulation of objective anisotropic constitutive equations (Besson et al. 2009). The
Jacobians of all contributions in Eq. (130) are denoted by

J D detF
�
; Je D detF

�

e; Jp D detF
�

p; J D JeJp; �0 D �]Jp D �J (131)

They are used to relate the mass densities with respect to the three local
configurations: In the present section, the microdeformation gradient K is not
split into elastic and plastic contributions, although it is possible as done in
section “Elastic-Plastic Decomposition of the Generalized Strain Measures”, at the
expense of additional evolution laws to be determined and of drastically different
regularisation operators.

The power density of internal and contact forces are

p.i/ D �
�
W PF
�
F
�

�1
C a P�C k � rx P�; 8x 2 �; p

.c/ D t � �C ac P�; 8x 2 @�

(132)

The invariance of p(i) with respect to any change of observer requires the Cauchy
stress �

�
to be symmetric. The scalar microstrain is assumed to be invariant. The

corresponding balance and boundary conditions are still given by Eq. (87).

Lagrangian Formulation

The Lagrangian free energy density is a function  0
�
C
�

e; q; �;K
�

, where C
�

e D

F
�

eT �F
�

e is the elastic strain and q a set of internal variables accounting for material

hardening. Note that the usual elastic strain tensor C
�

e is defined with respect to the
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intermediate configuration to comply with standard anisotropic plasticity, whereas
K is Lagrangian. The presented formulation is therefore not purely Lagrangian but
rather mixed. The local Lagrangian form of the entropy inequality is: D0 D p

.i/
0 �

p0 P 0 � 0; p
.i/
0 D Jp.i/. Accounting for the multiplicative decomposition (130),

the power of internal forces is expanded as:

p
.i/
0 D J��

W PF
�
� F
�

�1 C Ja P�C Jb � rx P� D
Jp

2
…
�

e W PC
�

e

C Jp…
�

M W PF
�

p
� F
�

p�1 C a0 P�C b0 �
PK

(133)

where the Piola stress tensor w.r.t. the intermediate configuration and the Mandel
stress tensor according to (Haupt 2000) are respectively defined as:

…
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e D JeF
�

e�1 � � � F
�

e�T ; …
�

M D C
�

e �…
�

e D JeF
�

eT � �
�
� F
�

e�T (134)

The Lagrangian generalized stresses in (133) are a0 D Ja and b0 D JF
�

�1b. As

a result the dissipation rate becomes:
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(135)

The following state and evolution laws ensure the positivity of D0:

…
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e D 2�]
@ 0
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e ; a0 D �0
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(136)
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; Pq D �
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@R

�
…
�

M ;R
�
; (137)

Following Mandel (1971), a dissipation potential �
�
…
�

M ;R
�

function of the

driving forces for plasticity, is introduced to formulate the flow and hardening
variable evolution rule. If the dissipation function is convex w.r.t. …

�

M and concave

w.r.t. R, the positivity of dissipation is ensured. Specific expressions for within the
context of viscoplasticity can be found in Besson et al. (2009).

As an example, the following free energy potential is proposed:

�0 0 D
1

2
JpE
�

e W c
�
W E
�

e C �0 q.q/C
1

2
H�.p � �/

2 C �0 rX .K / (138)
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where  q is the appropriate free energy contribution associated with usual work-
hardening (not specified here) and 2E

�

e D C
�

e � 1
�

is the Green-Lagrange elastic

strain measure. The microstrain variable is compared to the cumulative plastic strain
variable p defined as:

Pp D

r
2

3

�
PP
�
�P
�

�1
�
W
�
PP
�
�P
�

�1
�

(139)

According to the state laws (136), we obtain

…
�

e D �]
@ 0

@E
�

e D c�
W E
�

e; a0 D �H� .p � �/ ; b0 D �0
@ rX
@K

(140)

The regularisation operator then follows from the combination of the previous
constitutive equations with the balance equation (89):

p D � �
1

H�

Div

�
�0
@ rX
@K

	
(141)

The specific choice �0 rX .K / D 1
2
K �A

�
�K leads to a regularisation operator

that is linear with respect to Lagrangian coordinates:

p D � �
1

H�

Div
�
A
�
� Grad �

�
(142)

which involves the Laplacian operator �X in the isotropic case, i.e. A
�
D A1

�
,

Op D 1 �
A

H�

�X (143)

The impact on hardening can be seen by choosing, as an example, q D p,
according to (139), as an internal variable in (138). The dissipation potential can be
chosen in such a way that the residual dissipation takes the form

D0 D Jp…
�

M W
�
PF
�

p
� F
�

p�1
�
� �0

@‰q

@p
Pp D Jp…

M
eq Pp �R Pp � 0 (144)

with

Pp D
@�

@f
; f

�
…
�

M ;R
�
D Jp…

M
eq �R

where f is the yield function. As a result, the yield stress R is given by the following
enhanced hardening law:
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R D �0
@ 0

@p
D �0

@ q

@p
CH� .p � �/ D �0

@ q

@p
� Div

�
�0
@ rX
@K

	
(145)

Eulerian Formulation
In the Eulerian formulation, the free energy density is taken as a function of k

instead ofK , according to (129): 
�
C
�

e; �;k
�

, so that the state laws for generalised

stresses become:

a D �
@ 

@�
; b D �

@ 

@k
(146)

The arguments of the free energy mix the invariant quantities C
�

e; � and the

observer–dependent variable k. Galilean invariance then requires  to be isotropic
with respect to k.

The constitutive choice (138) is now replaced by

� D
1

2
JE
�

e W c
�
W E
�

e C � q.q/C
1

2
H�.p � �/

2 C � r .k/ (147)

A quadratic potential  r is necessarily of the form Akkk2=2, for objectivity
reasons, so that the regularisation operator involves the Laplace operator �x w.r.t.
Eulerian coordinates:

Op D 1 �
A

H�

�x (148)

If the same viscoplastic yield function f
�
…
�

M ;R
�

as in the previous subsection

is adopted, the hardening rule is enhanced as follows:

R D �
@ 

@p
D �

@ q

@p
CH� .p � �/ D �

@ q

@p
� div b D �

@ q

@p
� A�x� (149)

This therefore yields a finite strain generalisation of Aifantis strain gradient
plasticity model (Aifantis 1987; Forest and Aifantis 2010).

Formulation Using the Local Intermediate Configuration Only
In the two previous formulations, Lagrangian or Eulerian generalized strain vari-
ables were mixed with the elastic strain variable C

�

e attached to the intermediate

local configuration, as the arguments of the free energy function. It is possible to
assign the free energy function with a consistent set of arguments solely attached
to the intermediate configuration. For that purpose, a generalised strain K ] and
generalised stresses a];b

] are now defined on the intermediate local configuration:
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K ] D k � F
�

e D F
�

eT � k D K � F
�

p�1 D F
�

p�T �K (150)

a] D Jea D J
�1
p a0; b

] D J�1p F
�

p � b0 D JeF�
e�1 � b (151)

The power density of internal forces expressed w.r.t. the intermediate local
configuration then takes the form:

p
.i/

] D J
�1
p p

.i/
0 D

1

2
…
�

e W PC
�

e
C
�
…
�

M CK ] ˝ b]
�
W PF
�

p
� F
�

p�1 C a] P�C b] �
PK
]

(152)

where p.i/0 is still given by Eq. (133). To establish this expression, the following
relation was used:

PK D F
�

pT � PK
]
C PF
�

pT
�K ] (153)

The dissipation rate density measured w.r.t. the intermediate local configuration
is then:

D] D p
.i/

] � �]
P ] � 0 (154)

The free energy density function is chosen as  ]
�
C
�

e; q; �;K ]
�

. As such,

it is invariant w.r.t. change of observer. The Clausius–Duhem inequality is now
derived as

�
1
2
…
�

e � �]
@ ]
@C

�

e

	
W PC
�

e
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�
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@ ]
@�

�
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�
� PK
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C
�
…
�

M CK ] ˝ b]
�
W PF
�

p
� F
�

p�1 � �]
@ ]
@q
Pq � 0

(155)

This expression reveals the existence of a generalised Mandel tensor, …
�

M C

K ] ˝ b
�

], conjugate to the plastic deformation rate, that is a function of the

classical Mandel stress and of microdeformation related stress and strain. Positivity
of dissipation is ensured by the choice of the following state laws and plastic flow
and hardening rules:

…
�

e D 2�]
@ ]

@C
�

e ; a] D �]
@ ]

@�
; b] D �]

@ ]

@K ]
; R D �]

@ ]

@q
(156)

PF
�

p
� F
�

p�1 D
@�

@
�
…
�

M CK ] ˝ b]
� ; Pq D �@�

@R
(157)
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provided that the dissipation potential �
�
…
�

M CK ] ˝ b]; R
�

displays suitable

convexity properties with respect to both arguments.

The yield criterion is taken as a function f
�
…
�

M CK ] ˝ b]; R
�
D …M

eq � R

where the …M
eq is an equivalent stress measure based on the generalized Mandel

stress tensor. Choosing q D p, where p is still given by Eq. (139), the residual
dissipation takes the form:

D] D
�
…
�

M CK ] ˝ b]
�
W PF
�

p
� F
�

p�1 �R Pp D …M
eq Pp �R Pp (158)

Note that the contributionK ]˝b]in the generalised Mandel stress acts as a size–
dependent kinematic hardening component which comes in addition to isotropic
hardening represented by R. This is a specific feature of the model formulation w.r.t.
the intermediate configuration.

As an example, a typical form of the free energy density function based on
constitutive variables defined on the intermediate configuration, and hyperelastic
laws are:

�] ] D
1

2
E
�

e W c
�
W E
�

e C �] ].q/C
1

2
H�.p � �/

2 C
1

2
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�
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�

(159)

…
�

e D c
�
W E
�

e; a] D �H� .p � �/ ; b
] D �]

@ ]

@K ]
(160)

These generalized stresses can be inserted into the balance equation

a0 D Div b0 ) Jpa] D Div
�
JpF
�

p�1 � b]
�

(161)

This provides the form of the regularisation operator:

p D � �
1

JpH�

Div

�
JpF
�

p�1�]
@ ]

@K ]

	
(162)

A quadratic dependence of the contribution �] ]r D 1=2K
] �A
�
�K ] leads to the

following linear relationship between b] andK ]:

b] D AK ] ) b D J�1e AB
�

e � k and b] D JpAC
�

p�1 � k (163)

withB
�

e D F
�

e �F
�

eT and C
�

p D F
�

pT �F
�

p . However, in that case, the regularisation

operator (161) is nonlinear and does not involve a Laplace operator, even in the
isotropic case A

�
D A1

�
. As a result, the hyperelastic relationships for the higher

order stresses are not linear w.r.t. to the associated strain gradient measures.
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Conclusion

Eringen and Mindlin’s micromorphic theory offers real opportunities for the model-
ing of size effects in the mechanics of materials. Elastic-viscoplastic constitutive
laws have been formulated at finite deformations. They remain to be further
specialized and calibrated with respect to size effects observed in metal and polymer
plasticity. Successful applications deal for example with the ductile fracture of
metallic alloys (Enakoutsa and Leblond 2009; Hutter 2017b) and porous metals
(Dillard et al. 2006). Micromorphic elasticity has been recently revisited and
further developed to account for the dispersion of elastic waves in architectured
and metamaterials (Neff et al. 2014; Rosi and Auffray 2016; Madeo et al. 2016).
Intensive work is needed to establish connections between the micromorphic
continuum theories and the actual underlying microstructure (Forest and Trinh
2011; Hutter 2017a; Biswas and Poh 2017).

The proposed systematic treatment of the thermomechanics of continua with
additional degrees of freedom leads to model formulations ranging from micromor-
phic to phase field models. In particular, a general framework for the introduction
of dissipative processes associated with the additional degrees of freedom has been
proposed. If internal constraints are enforced on the relation between macro and
microvariables in the micromorphic approach, standard second gradient and strain
gradient plasticity models can be retrieved.

As a variant of micromorphic continuum, microdamage continuum and its
regularization capabilities for the modelling of crack propagation in single crystals
have been studied. First, a crystallographic constitutive model which accounts for
continuum damage with respect to fracture planes has been presented. Then, the
theory has been extended from classical continuum to microdamage continuum.
It has been shown that the approach can be a good candidate for solving mesh
dependency and the prediction of final fracture in anistropic media. Analytical fits
and numerical results showed that the theory is well suited for FEA and possesses a
great potential for the future modelling aspects. Comparison with available data on
crack growth especially cyclic loading in nickel-based superalloys, will be decisive
to conclude on the ability of the approach to reach realistic prediction of component
failure.

The presented extensions to finite deformations show that the regularisation
operator cannot be postulated in an intuitive way. It is rather the result of a
constitutive choice regarding the dependence of the free energy function on the
gradient term. Purely Lagrangian and Eulerian formulations are straightforward
and lead to Helmholtz–like operators w.r.t. Lagrangian of Eulerian coordinates.
Two alternative standard procedures of extension of classical constitutive laws to
large strains, widely used in commercial finite element codes, have been combined
with the micromorphic approach. In particular, the choice of local objective
rotating frames leads to new nonlinear regularisation operators that are not of the
Helmholtz type. Three distinct operators were proposed within the context of the
multiplicative decomposition of the deformation gradient. A new feature is that
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a free energy density function depending on variables solely defined with respect
to the intermediate isoclinic configuration leads to the existence of additional
kinematic hardening induced by the gradient of a scalar micromorphic degree of
freedom.

Note that the results obtained for the micromorphic theory with additional
degrees of freedom are also valid for gradient theories (gradient plasticity or gradient
damage) once an internal constraint is imposed linking the additional degrees of
freedom to strain or internal variables. This amounts to selecting high values of
parameter H� or introducing corresponding Lagrange multipliers. The analysis was
essentially limited to scalar micromorphic degrees of freedom for the sake of sim-
plicity, even though tensorial examples were also given. Scalar plastic microstrain
approaches suffer from limitations like indeterminacy of flow direction at cusps of
the cumulative plastic strain in bending for instance, see Peerlings (2007), Poh et al.
(2011), and Wulfinghoff et al. (2014). Those limitations can be removed by the use
of tensorial micromorphic variable (microstrain or microdeformation tensors). The
micromorphic approach is not limited to the gradient of strain–like, damage or phase
field variables. It can also be applied to other internal variables, as demonstrated
for hardening variables in Dorgan and Voyiadjis (2003) and Saanouni and Hamed
(2013).

It remains that the regularisation properties of the derived nonlinear operators are
essentially unknown, except through examples existing in the mentioned literature.
For instance, the Eulerian and Lagrangian variants of the Helmholtz-type equation
for scalar micromorphic strain variables have been assessed by Wcislo et al. (2013)
giving the advantage to the latter, based on finite element simulations of specific
situations. The regularising properties of more general operators should be explored
in the future from the mathematical and computational perspectives in order to
select the most relevant constitutive choices that may depend on the type of material
classes.

It may be surprising that the constitutive theory underlying the construction of
regularisation operators for plasticity and damage, mainly relies on the enhancement
of the free energy density function instead of the dissipative laws. It is in fact widely
recognised that plastic strain gradients, e.g. associated with the multiplication of
geometrically necessary dislocations, lead to energy storage that can be released by
further deformation or heat treatments. However, the limitation to the enhancement
of free energy potential is mainly due to the simplicity of the theoretical treatment
and to the computational efficiency of the operators derived in that way. Dissipative
higher order contributions remain to be explored from the viewpoint of regular-
isation, as started in Forest (2009). Constitutive models of that kind are already
available for plasticity, damage and fracture (Amor et al. 2009; Pham et al. 2011;
Vignollet et al. 2014; Miehe et al. 2016).

Acknowledgments The first author thanks Prof. O. Aslan for his contribution to the presented
micro-morphic damage theory. These contributions are duly cited in the references quoted in the
text and listed below.
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